0. Introduction 0.1. A map is a 2-cell embedding of an undirected connected graph, loops and parallel edges allowed, on an unbounded surface. If the surface is a sphere, then the map is a planar map; if the surface is an infinite plane, then the map is a plane map and one of its faces is distinguished as the outside face. Given any planar map or plane map, the number v of its vertices, the number n of its edges and the number f of its faces satisfy Euler's formula:
(0.1)
A dart of a map on an orientable surface is a half-edge or edge-end. A homeomorphism between two maps on orientable surfaces is a bicontinuous bijection between their embedding surfaces that takes the vertices, edges and faces of one map into the vertices, edges and faces of the other; in the case of plane maps, it also takes the outside face of one map into the outside face of the other. An isomorphism between two maps on orientable surfaces is an equivalence class of orientation-preserving homeomorphisms, where two homeomorphisms are considered equivalent if they induce the same bijection between the darts of one map and the darts of the other, and an automorphism of a map is an isomorphism between the map and itself. A map is rooted by distinguishing a dart, called the root. The only automorphism of a map that fixes the root is the trivial automorphism that fixes all its darts [16] . The following proposition is easily proved from the above definitions:
Proposition 0.
Distinguishing each of the f faces of a rooted planar map gives rise to f distinct rooted plane maps.
An isthmus is an edge that is incident on both sides to the same face; thus, an isthmus is the face-vertex dual of a loop. The valency of a vertex is the number of edges incident to it, loops counting twice. The valency of a face is the number of edges on its boundary, isthmuses counting twice. 0.2. An effective method of counting rooted planar n-edge maps was developed by Tutte in the 1960s [16] . For several important classes of maps, in particular, the classes of arbitrary, non-separable, loopless, eulerian and unicursal maps (see below), the corresponding enumerative formulae turned out to be sum-free and remarkably simple.
An unrooted map is an isomorphism class of maps. A general method of counting unrooted planar maps was developed by the first-named author in 1978 and published in [6] . It is based on the consideration of rotational automorphisms of maps and their corresponding quotient maps. In particular, a formula for the number of all unrooted planar maps with n edges was obtained. Other classes of unrooted planar maps that have been counted by number of edges (mainly with the aid of the above-mentioned method) are nonseparable [10] , eulerian (all vertices of even valency) and unicursal (exactly two vertices of odd valency) [11] , loopless [12] , one-face (trees) [17] and two-face [1] . In all these cases, the corresponding formulae contain a summation only over the divisors of n. Moreover, for the majority of these classes, the second-named author [19] has obtained simple formulae for counting maps by two parameters: numbers of vertices and faces.
In the present paper we are concerned with the related problem of counting unrooted plane maps. At first sight, it is simpler than counting unrooted planar maps since one still can apply the general enumeration scheme and the set of symmetries of plane maps is more restrictive. In particular, the techniques of [19] can be easily adapted to counting unrooted plane maps by numbers of vertices and faces: in the corresponding formulae for planar maps, one needs only to modify slightly a factor in the summands that correspond to rotations around axes that intersect one or two faces and to nullify the other summands. Summing these quantities over v and f which satisfy (0.1) gives rise to the number of unrooted plane maps with n edges. However the problem becomes more challenging if we look for a more efficient one-parametric solution, provided such a solution exists. The available simple one-parametric formulae for unrooted planar n-edge maps of several types (including the above-mentioned ones) suggest the existence of similar, or simpler, formulae (with the summation only over the divisors of n) for unrooted plane maps of the same types. The present research confirms such a general prediction with, however, one notable exception. We conjecture more specifically (although informally) that an efficient enumeration (in the above-mentioned sense) of unrooted plane n-edge maps is possible whenever such an enumeration holds for unrooted planar n-edge maps and also when there exists a sum-free formula for rooted plane n-edge maps, where (as adopted throughout this paper) the root may or may not be incident to the distinguished outside face. 0.3. The class of all planar maps and of non-separable planar maps are self-dual: for every map in the class, its face-vertex dual is also in the class. The remaining classes listed above are not self-dual; the corresponding dual classes are bipartite (all faces of even valency), dual-unicursal (exactly two faces of odd valency), isthmusless and two-vertex maps. By face-vertex duality, there are exactly as many rooted or unrooted n-edge maps in a nonself-dual class as there are in its dual class.
For a class of planar maps
stand for the number of, respectively, rooted maps, unrooted maps, unrooted maps with a distinguished face and unrooted maps with a distinguished vertex in M with n edges. Obviously, M + f (n) is the number of unrooted plane maps in M, whereas M + v (n) is the number of unrooted plane maps in the dual class M * . We also consider the number rooted maps with a distinguished face M f (n) or vertex M v (n). For a self-dual class it follows from (0.1) that
However, if M is not self-dual, an efficient calculation of these quantities is not a trivial problem. In two cases under consideration, namely for eulerian and loopless maps (and, naturally, for their duals), it was in fact solved successfully in [4] . Using these results, together with the recent enumeration of unrooted eulerian and loopless planar maps, we found simple enumerative formulae for unrooted eulerian and loopless plane n-edge maps. In contrast, in the case of unicursal maps (in spite of the fact that they are closely related to eulerian maps), simple enumerative formulae are known only for rooted and unrooted planar maps.
In Section 1 we find a general relationship between the quantities
if the class is self-dual, turns out to be considerably simpler than any of ones for the three quantities separately, so that if any two of them are known (either one of them in the case of a self-dual class), then the remaining one is easy to calculate. The general formulae are then applied to obtain closed formulae for the number of all plane maps and non-separable plane maps (Section 2), eulerian and bipartite plane maps (Section 3), loopless and isthmusless plane maps (Section 4) and two-vertex plane maps (Section 5). Finally we obtain a formula for rooted unicursal plane n-edge maps. Numerical tables are given in an appendix.
For uniformity and convenience, we represent our results in two equivalent forms: explicitly in terms of integer-fold binomials m n n and reductively in terms of the corresponding rooted enumerators. The former is motivated by the recent research [9] , which showed certain advantages of such a representation of enumerative formulae. The latter looks neater sometimes.
The present results are heavily based not only on the general enumerative scheme and our previous counting formulae [10, 11, 12, 4] as was pointed out above, but also on some details of their proofs.
There is an alternative better-known two-parametric approach where plane maps are specified by n and the size (valency) m of the outside face. A related idea is to consider rooted plane maps subject to the restriction that the root is incident to the outside face. Sometimes, this approach results in quite efficient formulae for rooted and unrooted twoparametric plane maps (cf., e.g., [2] ). It is generally unclear, however, when and how in this way one can get rid of the parameter m.
1. Plane vs. planar 1.1. The following general scheme for counting unrooted planar n-edge maps comes from [6] (or [8] ), to which the reader is referred for additional details (cf. also [12] ). By Burnside's lemma,
where fix(n, ρ) = fix(n, ρ, M) is the number of rooted maps of M fixed by ρ -that is, for which ρ is an automorphism of the unrooted version of the map -and ρ runs over all the permutations of the 2n darts that can be an automorphism of an n-edge map (in particular, such a permutation has to consist of independent cycles of equal length [6] ). The identity permutation, id, which fixes all the darts, is an automorphism of every n-edge map; so the contribution of this permutation to (1.1) is fix(n, id) = M (n).
(1.2)
Any non-trivial automorphism ρ of a planar map can be represented geometrically as a rotation of the sphere about an axis that intersects the map in two elements (vertices, edges or faces) called axial elements. A rooted map Γ fixed by an automorphism ρ of order p ≥ 2 (where ρ is not assumed to fix the root) can be represented as p isomorphic copies of a rooted map ∆, called the quotient map of Γ with respect to ρ and denoted by Γ/ρ. To each non-axial element of ∆ there correspond p non-axial elements of Γ and to each of the two axial elements of ∆ there corresponds a single axial element of Γ whose valency is p times the number of darts incident to the corresponding axial element of ∆. An axial edge of ∆ has only one dart; so to make ∆ a map we complete this half-edge with a vertex of valency 1 called a singular vertex; the single dart contained by the singular vertex was added along with the vertex and is therefore not the root. Given a rooted map ∆ with at most two singular vertices, two elements chosen to be axial (which are either vertices or faces and must include all the singular vertices) and a non-trivial automorphism ρ (which must be of order 2 if ∆ contains at least one singular vertex), there is a unique rooted map Γ (the lifting of ∆) such that ∆ = Γ/ρ; so fix(n, ρ) is equal to the number of rooted maps that are the quotient maps of some rooted n-edge map with respect to ρ.
For i = 0, 1 and 2, let Q i (n) = Q i (n, M) be the number of rooted quotient maps with i singular vertices of all the rooted n-edge maps of a given class M. If i = 1, then the quotient map has (n + 1)/2 edges, so that n must be odd. If i = 2, then the quotient map has (n + 2)/2 edges, so that n must be even. Substituting these values and (1.2) into (1.1) we obtain the following general formula:
Now we consider the number M + f (n) of unrooted n-edge maps of a given class M with a distinguished outside face. The analogue of (1.1) is
where indicates that ρ must also fix the distinguished face. Suppose that ρ is the trivial automorphism. The analogue of (1.2) is the number M f (n) of rooted n-edge maps of the same class with a distinguished face. By Proposition 0.1 and
where M (v, f ) is the number of rooted maps of that class with v vertices and f faces. Clearly this number is also equal to the total number of faces in all the rooted n-edge maps of that class (cf. [4] ).
For i = 0, 1 and 2, let Q f,i (n) = Q f,i (n, M) be the number of rooted quotient maps with i singular vertices of all the rooted n-edge maps of the given class under non-trivial automorphisms one of whose axial elements is the distinguished face. If i = 1, then as in the case of planar maps n must be odd. If i = 2, then as before n must be even; also, since both of the axial elements are the singular vertices, neither of them can be the distinguished face, so that Q f,2 (n) = 0. The analogue of (1.3) is thus
The number of unrooted n-edge maps with a distinguished face in the dual class M * is equal to the number M + v (n) of unrooted n-edge maps in the primal class M with a distinguished vertex. For i = 0, 1 and 2, let Q v,i (n) = Q v,i (n, M) be the number of rooted quotient maps with i singular vertices of all the rooted n-edge maps of the given class M under non-trivial automorphisms one of whose axial elements is the distinguished vertex. Using the face-vertex dual of Proposition 0.1 we obtain the following analogue of (1.6):
where M v (n) is the number of rooted maps with a distinguished vertex:
It follows directly from (1.5), (1.5 ) and Euler's formula (0.1) that
Proof. The number Q 0 (n) is the total number of ways of choosing an unordered pair of axial elements, each of which may be either a face or a vertex, in all the rooted planar maps that are the quotient maps with no singular vertices of some rooted planar n-edge map of the given class. Since the maps are rooted, all unordered pairs of elements are distinct. If the axial elements are now labelled north and south, the pairs of axial elements are now ordered, increasing the number of pairs to 2Q 0 (n). If the north axial element is a vertex, then it can be declared the distinguished vertex, and the total number ways of distinguishing a vertex, making it the north axial element and then choosing the south axial element is Q v,0 (n). If the north axial element is a face, then it can be declared the distinguished face, and the total number of ways of distinguishing a face, making it the north axial element and then choosing the south axial element is Q f,0 (n). Then (1.9) follows from the fact that the north axial element must be either a vertex or a face.
Proposition 1.2. For any class of maps M,
(1.10)
Proof. The number Q 1 (n) is the total number of ways of choosing the axial element that isn't the singular vertex in all the rooted planar maps that are the quotient maps with one singular vertex of some rooted planar n-edge map of the given class. If the nonsingular axial element is a vertex, then it can be declared the distinguished vertex, and the total number of ways of distinguishing a vertex is Q v,1 (n). If the non-singular element is a face, then it can be declared the distinguished face, and the total number of ways of distinguishing a face is Q f,1 (n). Then (1.10) follows from the same fact as (1.9).
Proposition 1.3. For any class of maps M,
Proof. This formula follows directly from (1.6) -(1.10).
Proposition 1.4. For any self-dual class of maps
Proof. This formula follows directly from (1.8), (1.11) and (0.2).
1.3. Comparing (1.11) and (1.12) with (1.3) we see that we can eliminate Q 0 (n) by subtracting twice formula (1.3) from either (1.11) or (1.12). The respective formulae are the following.
Theorem 1.5. For any class of planar maps M,
(1.14)
Note that the left-hand side quantity of (1.13) may be interpreted as the number M + (n) of unrooted maps in M with one face or vertex distinguished (and fixed by automorphisms).
Generally, since Q 0 (n) contains a sum over divisors of n whereas Q 1 (n) is a single term, eliminating Q 0 (n) rather than Q 1 (n) leads to a formula that is more elegant and computationally more efficient provided that we have a table of values of M + (n).
2. Arbitrary and non-separable maps 2.1. For the class of arbitrary planar maps A, the number of unrooted n-edge maps is given by the following formula [6] :
where φ(n) is the Euler totient function and A (n), the number of all rooted planar n-edge maps, is given by the following formula [16] :
Since the class of all planar n-edge maps is self-dual, we obtain immediately from (1.12) and (2.1) the following formula for the number A + f (n) of all unrooted plane n-edge maps: Proposition 2.1. For all unrooted plane maps,
if n is odd 0 if n is even.
(2.3 )
In order to work only with integers when substituting into these formulae (and similar subsequent ones), the last term should be multiplied by 2n and inserted into the brackets. In the discussion that follows these formulae, the expressions "first term" and "second term" refer to the first and second term, respectively, between the brackets.
From (1.14) we obtain the following simple expression for A
This formula was announced without proof in [7] and (with minor misprints) in [8] .
2.2. For the class of non-separable planar maps B, the number of unrooted n-edge maps is given by the following formula [10] :
where B (n), the number of rooted non-separable planar n-edge maps, is given by the following formula [16] :
Since this class too is self-dual, we obtain from (1.12) and (2.5) the following formula for the number B + f (n) of unrooted non-separable plane n-edge maps: Proposition 2.3. For unrooted non-separable plane maps,
(2.7) Equivalently, from (2.6) we obtain
Now, from (1.14) we obtain the following simple expression for B + f (n) in terms of B + (n): Corollary 2.4.
The numerical values of the functions A f (n), A + f (n), B f (n) and B + f (n) up to n = 20 are given in Table 1 in the Appendix. Note that the values of B + f (n) for n = 2, . . . , 7 were calculated by Brown [2, Table III ] via a formula containing a complicated multiple sum. This is the sequence A000087 in Sloane's Encyclopedia [15] .
Eulerian and bipartite maps

For the class of eulerian planar maps E, the number of rooted n-edge maps is [18]
From (3.1) and a result of [8] the authors showed in [11] that the number of unrooted eulerian planar maps with n edges is given by the following formula:
if n is even.
2)
The first term on the right-hand side of (3.2) is contributed by the trivial automorphism, the second term by the non-trivial automorphisms under which the quotient maps are eulerian, the term for odd n by quotient maps with one singular vertex, the first term for even n by unicursal quotient maps with no singular vertices and the remaining term by quotient maps with two singular vertices. In a slightly more convenient form,
if n is odd
if n is even, Suppose now that a face is distinguished and called the north axial element. The following proposition was proved in [4] .
Proposition 3.1. The number of rooted eulerian planar maps with n edges and a distinguished vertex is given by the formula
By (1.8) and (3.4), the number of rooted eulerian planar maps with n edges and a distinguished face is E f (n) = (n + 2)E (n) − E v (n) = (n + 2)E (n) − (n + 2)E (n)/3. By (3.1) we have
For each value of k in the second term of the right-hand side of (3.2), the factor of φ(n/k) is equal to E (k) multiplied by the number of choices of axial pairs, which is (k + 2)(k + 1)/2 because any one of the k + 2 vertices and faces can be chosen as an axial element, and the axial elements are not distinguished. But now we are distinguishing a face and calling it the north axial element. If a given quotient map has v vertices, then it has f = k + 2 − v faces. Since the north axial element must be the distinguished face, there are k + 2 − v ways of distinguishing the face and calling it the north axial element. The south axial element can then be chosen from any of the k + 1 vertices and other faces, so that the number of choices of ordered axial pairs is (k + 1)(k + 2 − v). By an argument similar to the derivation of (3.5), we replace the factor (k+1)(k+2) 2 E (k) in the second term on the right-hand side
The remaining terms on the right-hand side of (3.2) are all contributed by quotient maps whose axial elements are vertices, either singular or non-singular; so none of these terms contribute to the number of eulerian maps with a distinguished (axial) face; so
and Q f,1 (n) = 0. Substituting these values into (1.6) we obtain
Theorem 3.2. The number of unrooted eulerian plane maps with n edges is given by
Equivalently, from (3.5) we obtain
Rather unexpectedly, the right-hand side of (3.7) does not contain an additional term for odd n.
3.2.
It is well known that a planar map is eulerian if and only if its dual is bipartite (see, e.g., [18] ). From (1.11), (3.1), (3.2) and (3.7) we obtain Corollary 3.3. The number of unrooted bipartite plane maps with n edges is given by
8) where δ(n) is the function defined by (3.3). Equivalently for n ≥ 2,
From (1.13), (3.1) and (3.2 ) we obtain the following identity: for n ≥ 2, Table 2 in the Appendix.
Loopless and isthmusless maps
This section contains the most difficult results of the present paper.
4.1. For the class of loopless planar maps L, the number of rooted maps with n edges is [20] 
It was shown by the authors in [12] that the number of unrooted loopless planar maps with n edges is given by
2(4n + 1) (n + 1)(3n + 1)(3n + 2)
(4.
The first term on the right-hand side of (4.2) is contributed by the trivial automorphism, the second term by the non-trivial automorphisms under which the quotient maps are loopless, the term for odd n by quotient maps with one singular vertex and the term for even n by quotient maps with two singular vertices.
Suppose now that a face is distinguished and called the north axial element. The following propositions were proved in [4] .
Proposition 4.1. The number of rooted loopless planar maps with n edges and a distinguished face is
L f (n) = 1 3n + 1 4n n = (n + 1)(3n + 2) 2(4n + 1) L (n). (4.3) Proposition 4.2
. The number of rooted loopless planar maps with n edges and a distinguished vertex is
We now evaluate the remaining terms in (1.6) specialized to loopless maps, the distinguished-face analogue of (4.2), by following the argument used in [12] , modifying it wherever necessary to account for the distinguished face. The quotient map of a loopless map under a non-trivial automorphism is either a loopless map or a nested sequence of loopless maps M 1 , . . . , M k with each pair of adjacent components of the sequence separated by a loop. In the latter case, one axial element is in the extremal components M 1 with a edges and the other axial element is in the other extremal component M k with b edges; also, an axial element is not allowed to be the vertex in its component incident to the loop separating that component from the adjacent one in the sequence. We suppose for the moment that the quotient map has n edges; later we will substitute the appropriate number of edges into the enumeration formula for rooted quotient maps we obtain below.
Suppose that the quotient map has no singular vertices. If the quotient map is not loopless, then the number of such maps without a distinguished face and with the axial elements not distinguished from each other is given by formula (4.5), which is a corrected version of formula (16) of [12] in which it is not assumed that a ≥ b (it is (4.5) which leads to the enumeration formula obtained in [12] ). We modify (4.5) so as to account for the fact that the axial elements are now distinguished from one another and that one of them is the distinguished face. Distinguishing the axial elements multiplies (4.5) by 2. Without loss of generality we call the extremal component containing the distinguished face M k , which has b edges. In (4.5), the factor (b + 1)L (b) was obtained by taking all the b-edge rooted loopless maps and choosing any of the b + 1 faces or vertices except the forbidden one (incident to the loop) to be the axial element. Instead, we choose any face of M k to be the axial element; so that (b + 1)L (b) must be replaced by the total number of faces in all the rooted loopless maps with b edges, which is given by (4.3) with n replaced by b.
We reproduce formula (17) of [12] (with a replaced by b) as (4.7):
The analogous formula that must replace (4.7) is given in the following proposition.
Proposition 4.3.
Proof. The formula for Lagrange inversion (see, e.g., [5] for a combinatorial proof) in the special case when z = xg(z) (instead of the general case z = a + xg(z)) can be simplified to
for all n ≥ 1. Here g(z) is given by (4.6) as (1 + z) 4 . Equating the coefficient of x n in the left-hand side of (4.8) with (4.9) we find that f (z) = 1, so that f (z) = z + C, where C is some constant. Since the coefficient of x 0 in the left-hand side of (4,8) is 1, by the first equation of (4.9) we have f (0) = 1, whence we obtain (4.8).
Comparing (4.7) with (4.8) and recalling that we must multiply by 2, we see that instead of formula (18) of [12] , which is evaluated from (4.5) and is equal to n[x n−1 ](1 + z) 5 , we must use
(4.10) Applying Lagrange inversion to (4.10) we obtain the formula
If the quotient map is loopless, then the north axial element is the distinguished face and the south axial element can be any of the other n + 1 vertices and faces; so the number of these quotient maps is given by
Adding (4.11) to (4.12) we obtain the total number of n-edge quotient maps with no singular vertices of loopless maps, given by formula (4.13):
Now if the automorphism is of order n/k, then there are φ(n/k) such automorphisms and the quotient map will have k edges, so that (see formula (1.6)) 14) which is also equal to Q 0 (n), the second term on the right-hand side of (4.2).
Remark. A bijective proof of this equality would be interesting.
Suppose now that the quotient map has one singular vertex. Again for the moment we suppose the quotient map to have n edges.
Suppose the quotient map is not loopless. Then the number of such maps without a distinguished face but with the south axial element being the distinguished face is given by (4.15) , which is formula (23) of [12] :
Since the axial elements are already distinguished, to account for the distinguished face we need not multiply by 2; we just replace (b + 1)L (b) by (4.3) with n replaced by b, which means that instead of simplifying (4.15) to 16) which is formula (25) of [12] , we obtain
Applying Lagrange inversion to (4.17) and simplifying, we obtain the expression
Suppose the quotient map is loopless. Without the distinguished face, the number of such maps is given by formula (4.19), which is formula (28) of [12] :
The factor n represents the number of choices of the north axial element. To account for the distinguished face, we replace nL (n − 1) by (4.3) with n replaced by n − 1 and obtain
Adding (4.20) to (4.18) we obtain the total number of n-edge quotient maps with one singular vertex of loopless maps, given by formula (4.21):
Now the quotient map of an n-edge map will have not n edges but (n+1)/2. By replacing n by (n + 1)/2 in (4.21), we find that
Substituting from (4.3), (4.14) and (4.22) into (1.6), we obtain 
and from (4.3) we obtain the following more compact version:
To count the number L + v (n) of unrooted isthmusless plane maps with n edges, we use formula (1.11) with the letter M replaced by L everywhere. Now L + f (n) is given by (4.21), L (n) by (4.1), and the remaining terms of (1.11) are the corresponding terms of (4.2). Making these substitutions we obtain Corollary 4.5. The number of unrooted isthmusless plane maps with n edges is
(4.24)
From (1.13) (or, instead, from (4.23) and (4.24)) and (4.2) we obtain the following identity:
if n is even. Table 3 in the Appendix.
5. Two-face, two-vertex and unicursal maps 5.1. There are other classes of maps, aside from the ones treated above, for which unrooted enumeration in the plane can be easily obtained by a slight modification of the methods we designed for the sphere. These include triangular (or, dually, trivalent) maps, which we leave as an open problem, two-face maps, which were treated in [1] , and two-vertex maps, which we treat below.
From [1] we have the following three formulae (taken, in order, from formulae (16), (78) and (15)).
The number of rooted two-face planar n-edge maps is given by
If (5.3) had not been available, it would have been easier to derive (5.6) directly and then obtain (5.3) from (5.6) using (1.13) instead of the other way around.
5.2. Not all classes of maps yield closed-form formulae for rooted enumeration in the plane even if they do so on the sphere. To illustrate this point, we compare the enumeration of rooted unicursal planar maps done by us in [11] with the enumeration of rooted unicursal plane maps which we do below. A map is called unicursal if exactly two of its vertices are of odd valency. The number U (n) of rooted unicursal planar maps with n edges was shown in [11] to be equal to The number U f (n) of rooted unicursal plane maps with n edges is found by multiplying each term in the sum of (5.8) by the number n − v + 2 of faces: This formula is valid only for n ≥ 2; U f (1) = 1 because there is only one rooted unicursal map with one edge and it has one face. A map is called dual-unicursal if exactly two of its faces are of odd valency. The number U v (n) of rooted dual-unicursal plane maps is determined by formula (1.8):
U f (n) + U v (n) = (n + 2)U (n).
(5.13)
Initial values of the functions U f (n) and U v (n) are given in Table 5 in the Appendix. Unlike the sums in (5.9), the sums in (5.12) do not seem to simplify; in particular, Maple evaluated them in terms of hypergeometric functions. An interesting problem, which we leave open, is to find a closed-form formula for U f (n) or to prove that none exists; the familiar WZ-method (see, e.g., [13, Ch. 7] and [14, Sect. 3.7] ) could probably be applied.
A general challenging open problem would be to find a systematic method for deciding whether a closed-form formula exists for the number of rooted planar or plane n-edge maps of a given class by examining the maps themselves instead of the result of an analytical calculation such as Lagrange inversion. (n)  1  1  1  2  1  2  4  2  8  3  3  22  6  43  9  4  140  22  268  38  5 
